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Abstract
Sharp version of celebrated Hilbert’s double series theorem is given in the case of non-homogeneous kernel. The main mathe-
matical tools are: the integral representation of Mathieu’s (a,λ)-series, the Hölder inequality and an extension of the double series
theorem by Yang.
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1. Introduction
Let p be the space of all complex sequences x = (xn)n1 equipped with the finite norm ‖x‖p := (∑n1 |xn|p )1/p .
Hilbert’s double series theorem states that∑
m,n1
ambn
m + n <
π
sin(π/p)
‖a‖p‖b‖q
(
p > 1, p−1 + q−1 = 1), (1)
where the nonnegative a = (an)n1 ∈ p , b = (bn)n1 ∈ q and the constant πsin(π/p) is the best possible [2, p. 253].
Recently, assuming p > 1, p−1 + q−1 = 1, 2 − min{p,q} < λ 2, Bi Cheng Yang ([9, Eq. (5)], [10, Eq. (1.8)])
extended (1) to∑
m,n1
ambn
(m + n)λ < kλ(p)
∥∥n(1−λ)/pa∥∥
p
∥∥n(1−λ)/qb∥∥
q
, (2)
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kλ(p) := B
(
1 + (λ − 2)/p,1 + (λ − 2)/q) (3)
is the best possible constant; B(u, v), min{u,v} > 0 stands for the Euler Beta-function.
We give a brief account to the problem studied here. Consider the bilinear form
Ha,bK :=
∑
m,n1
K(m,n)ambn (4)
where a,b are nonnegative; K(·,·) we call kernel function (of the double series (4)). Hilbert’s double series theorems
are established by deriving sharp upper bounds for Ha,bK in terms of (weighted) p-norms of a, b. When K(m,n) =
(mκ + nκ)−λ, the kernel function is homogeneous of order −λ · κ . Specifying κ = λ = 1 we get Hilbert’s expression
in (1), while κ = 1 leads us to Yang’s result (2). Assuming the homogeneity of K(·,·) and using non-conjugate Hölder
pairs (p, q), p > 1, p−1 +q−1  1 we arrive at the classical Hilbert’s double series theorems by Levin [5], Bonsall [1]
and the recent ones by Krnic´ and Pecˇaric´ [4]. (We point out that the best constant problem is still open when p,q are
not conjugated.)
The non-homogeneous kernel was mainly avoided. The lonely Hilbert’s double series theorems in the case of non-
homogeneous kernel remain the Mulholland’s inequality [6], in which K(m,n) = ln(mn), m,n 2, and its extension
by Yang, who takes
K(m,n) = (u(m) + u(n))−λ (m,n n0 ∈ N, λ > 0)
assuming u ∈ C1(n0 − 1,∞), u((n0 − 1)+) = 0, u(∞) = ∞ [9, Chapters 3, 4]. So, the inequality result by He et al.
[3, Theorem 3.4] associated to K(m,n) = (Γ (m) + Γ (n))−λ, λ ∈ (2 − min{p,q},2], n0 = 2 is a corollary of Yang’s
result.
2. Preparation
Let λ,ρ :R+ → R+ be monotone increasing positive functions such that
lim
x→∞
{
λ
ρ
}
(x) = ∞. (5)
Then one takes the restrictions λ|N = λ= (λn)n1, ρ|N = ρ = (ρn)n1 in defining the bilinear form
Ha,bλ,ρ(μ) :=
∑
m,n1
ambn
(λm + ρn)μ (μ > 0). (6)
Here, and in what follows f −1(x) denotes the inverse of f (x) and [f −1(x)] will denote the integer part of f −1(x),
f ∈ {λ,ρ}.
In this short note we expose a sharp Hilbert’s bounding inequality for Ha,bλ,ρ(μ) such that we build with the non-
homogeneous kernel
K(m,n) = (λm + ρn)−μ (m,n 1; μ > 0) . (7)
To do this, we need the so-called Mathieu’s (a,λ)-series
Sμ(ρ,a,λ) =
∑
m0
am
(λm + ρ)μ (ρ,μ > 0), (8)
see [7, Eq. (2)]. There is obtained [7, Theorem 1] the integral representation result
Sμ(ρ,a,λ) = a0
ρμ
+ μ
∞∫
λ1
( [λ−1(x)]∑
n=1
an
)
dx
(ρ + x)μ+1 . (9)
In (9) the counting function
Aλ(x) :=
[λ−1(x)]∑
an
n=1
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Aλ(x) directly.
3. Main result
Now, we derive the extension of Hilbert’s double series inequality in terms of related p-norms.
Theorem 1. Suppose p > 1, p−1 +q−1 = 1; r ∈ (3−min{p,q},3], r−1 + s−1 = 1. Let a,b be nonnegative sequences
such that(
n(2−r)/parn
)
n1 ∈ p,
(
n(2−r)/qbrn
)
n1 ∈ q. (10)
Let the positive monotone functions λ,ρ satisfy (5) and assume that for some , ′ > 0 the integrals
∞∫

(λ−1(x))2
xsμ/2+1
dx < ∞,
∞∫
′
(ρ−1(x))2
xsμ/2+1
dx < ∞ (11)
converge. Then we have
Ha,bλ,ρ(μ) =
∑
m,n1
ambn
(λm + ρn)μ  Cλ,ρ
∥∥n(2−r)/par∥∥1/r
p
∥∥n(2−r)/qbr∥∥1/r
q
, (12)
where the constant
Cλ,ρ = Cλ,ρ(p, q, r, s,μ) :=
(
μs
2
(μs + 1)
)1/s
B1/r
(
1 + (r − 3)/p,1 + (r − 3)/q)
×
( ∞∫
λ1
∞∫
ρ1
[λ−1(x)][ρ−1(y)] ([λ−1(x)] + [ρ−1(y)] + 2)
(x + y)sμ+2 dx dy
)1/s
is the best possible. The equality in (12) appears when
ambn
(λm + ρn)μ =K ·
m + n
(λm + ρn)sμ (m,n 1),
K being some absolute constant.
Proof. Assume p > 1, p−1 + q−1 = 1 and let us specify certain r > 1 so, that r ∈ (3 − min{p,q},3]. Let s be the
conjugate Hölder pair to r . Now, one prepares the bilinear form (6) for the use of the inequality (2):
Ha,bλ,ρ(μ) =
∑
m,n∈N
ambn
(m + n)1/s ·
(m + n)1/s
(λm + ρn)μ .
By the Hölder inequality we get
Ha,bλ,ρ(μ)
( ∑
m,n∈N
armb
r
n
(m + n)r−1
)1/r( ∑
m,n∈N
m + n
(λm + ρn)sμ
)1/s
. (13)
The first sum we evaluate by Yang’s extension (2) of the Hilbert’s double sum theorem. Since λ = r − 1 ∈
(2 − min{p,q},2], we have
∑
m,n1
armb
r
n
(m + n)r−1 < kr−1(p)
(∑
n1
n2−rarpn
)1/p(∑
n1
n2−rbrqn
)1/q
:= S1;
the second sum on the right in (13) we will treat as a sum of two Mathieu (N,λ)-series. Indeed, applying iteratively
the closed integral form expression (9) we deduce
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∑
m,n1
m + n
(λm + ρn)sμ =
∑
n1
Ssμ(ρn,N,λ) +
∑
m1
Ssμ(ρ,N, λm)
= sμ
∞∫
λ1
( [λ−1(x)]∑
m=1
m
)(∑
n1
1
(x + ρn)sμ+1
)
dx + sμ
∞∫
ρ1
( [ρ−1(y)]∑
n=1
n
)( ∑
m1
1
(λm + y)sμ+1
)
dy
= sμ
2
∞∫
λ1
[
λ−1(x)
]([
λ−1(x)
]+ 1)Ssμ+1(ρ,1, x)dx + sμ2
∞∫
ρ1
[
ρ−1(y)
]([
ρ−1(y)
]+ 1)Ssμ+1(y,1,λ)dy
= sμ
2
(sμ + 1)
∞∫
λ1
∞∫
ρ1
[
λ−1(x)
]([
λ−1(x)
]+ 1)[ρ−1(y)] dx dy
(x + y)sμ+2
+ sμ
2
(sμ + 1)
∞∫
ρ1
∞∫
λ1
[
ρ−1(y)
]([
ρ−1(y)
]+ 1)[λ−1(x)] dy dx
(x + y)sμ+2
= sμ(sμ + 1)
2
∞∫
λ1
∞∫
ρ1
[λ−1(x)][ρ−1(y)]([λ−1(x)] + [ρ−1(y)] + 2)
(x + y)sμ+2 dx dy.
Collecting the exact values of S1,S2 we conclude
Ha,bλ,ρ(μ)S
1/r
1 S
1/s
2 ,
that is, the asserted inequality (12); the convergence of S2 is secured by (11).
Finally, since Yang’s extension (2) is sharp (i.e. kλ(p) is the best possible) and S2 has been transformed only by
equalities, we have to discuss only the equality caused by the use of the Hölder inequality. 
4. Final remarks
A. Important connections are established between Mathieu (a,λ)-series [7,8] and the Hilbert’s double series theo-
rems.
B. The obtained Hilbert’s double series theorem (12) for general non-homogeneous kernel K(m,n) =
(λm + ρn)−μ, μ > 0, requires only the monotonicity of sequences λ,ρ  0. In particular, when λ ≡ ρ, assuming
λ ∈ C1(R+) and λ(0+) = 0, we arrive at the situation considered by Yang [9, Eq. (21)].
C. The range of the parameter λ ∈ (2 − min{p,q},2] in Yang’s result (2) was enlarged (by new consequent para-
metrizations) to λ ∈ (0,14] by Krnic´ and Pecˇaric´, see [4, Theorems 1, 2] in the conjugate, and [4, Theorem 4] for
non-conjugate Hölder couple p,q . Therefore, the range of r in Theorem 1 can be enlarged as well. Of course, we
have to pay for further generalizations with additional convergence conditions upon a,b together with new parameter
constraints.
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